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We discuss, how to study I = 0 quarkonium resonances decaying into pairs of heavy-light mesons
using static potentials from lattice QCD. These static potentials can be obtained from a set of
correlation functions containing both static and light quarks. As a proof of concept we focus on
bottomonium with relative orbital angular momentum L = 0 of the b¯b pair corresponding to JPC =
0−+ and JPC = 1−−. We use static potentials from an existing lattice QCD string breaking
study and compute phase shifts and T matrix poles for the lightest heavy-light meson-meson decay
channel. We discuss our results in the context of corresponding experimental results, in particular
for Υ(10860) and Υ(11020).
PACS numbers: 12.38.Gc, 13.75.Lb, 14.40.Rt, 14.65.Fy.
I. INTRODUCTION
A long standing problem in QCD is to understand ex-
otic hadrons, i.e. hadrons which have a structure more
complicated than a mesonic quark-antiquark pair or a
baryonic triplet of quarks [1]. However, the problem of
identifying or predicting exotic hadrons, say tetraquarks,
pentaquarks, hexaquarks, hybrids or glueballs, turned
out to be much harder than initially expected (see e.g.
Ref. [2]). For example the observed tetraquarks Zb and
Zc are resonances high in the spectrum, not only difficult
to observe, but also very technical to address in hadronic
models and extremely difficult to compute from first prin-
ciples e.g. with lattice QCD.
One approach to study hadrons composed of heavy
quarks and antiquarks as well as of gluons and possi-
bly light quarks and antiquarks, which is based on lat-
tice QCD, is the Born-Oppenheimer approximation [3].
It was succesfully applied to investigate both non-exotic
and exotic quarkonium (see e.g. Refs. [4–9]) as well as
tetraquarks with two heavy antiquarks and two light
quarks. In the latter case, in a first step potentials of two
static antiquarks in the presence of two light quarks are
computed using state of the art lattice QCD techniques
(see e.g. Refs. [10–15]). Then, in a second step, the dy-
namics of the two heavy quarks is described by a quan-
tum mechanical Hamiltonian with the aforementioned
static potentials. This requires heavy quark masses much
larger than the scale of QCD, which is the case e.g. for
b¯ quarks. A b¯b¯ud tetraquark bound state with quan-
tum numbers I(JP ) = 0(1+), first predicted by model
calculations [16–26], was recently confirmed within this
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lattice QCD/Born-Oppenheimer approach [14, 15, 27–29]
(for lattice QCD work on the same b¯b¯ud tetraquark using
Non Relativistic QCD instead of static quarks see Refs.
[30–33]). Very recently also BB scattering was studied
using similar techniques and a b¯b¯ud tetraquark resonance
with I(JP ) = 0(1−) was predicted [34].
In this work we continue to use lattice QCD poten-
tials and the Born-Oppenheimer approximation and fo-
cus on quarkonium bound states and resonances, which
might be exotic, i.e. states containing a heavy quark and
a heavy antiquark and possibly an additional light quark-
antiquark pair. To study for example the experimentally
observed Zb tetraquark resonances, it is necessary to ex-
tend the techniques introduced in [34] from a single chan-
nel to a coupled channel Schrödinger equation. One has
to consider a confined quarkonium channel Q¯Q and at
least one scattering channel M¯M with two heavy-light
mesons M = Q¯q and M¯ = q¯Q. In the least complicated
case of a single scattering channel the potential in the
Schrödinger equation is a 2× 2 matrix of the form
V (r) =
(
VQ¯Q(r) Vmix(r)
Vmix(r) VM¯M (r)
)
(1)
as we will derive in detail in section II. It is important
to note that the off-diagonal terms Vmix(r) couple the
quarkonium channel and the meson-meson channel. The
consequence is that quarkonium bound states only exist
below the M¯M threshold, whereas above this threshold
all quarkonium states are resonances. Once we have set
up an appropriate coupled channel Schrödinger equation
we proceed as in Ref. [34] and compute phase shifts and
T matrix poles, where the latter provide masses of bound
states below threshold as well as resonance masses and
decay widths above threshold.
The main advantage of our approach is that it is in
principle straightforward to consider several decay chan-
nels, since this is done in the framework of quantum me-
chanics in the form of a coupled channel Schrödiger equa-
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2tion. Each decay channel, however, requires the lattice
QCD computation of static potentials with specific quan-
tum numbers. Even though this might be time consum-
ing and challenging, these static potentials are not only
important for the approach we propose in this paper,
but they will be of interest for theoretical hadron physics
in general (as an example see the detailed discussion of
static potentials for the b¯b¯ud case in Ref. [15]). As men-
tioned above, it would be very interesting to study the
experimentally observed Zb tetraquark resonances with
I = 1. The lattice QCD computation of the potential
matrix (1) for I = 1 is, however, very difficult (see e.g.
Refs. [35, 36]). Therefore, we decided to first explore
the simpler I = 0 case, where corresponding high-quality
lattice QCD potentials are provided by the string break-
ing computation of Ref. [37]. This allows us to study
the established quarkonium states ηb(1S), Υ(1S), Υ(2S),
Υ(3S) and Υ(4S), possibly also Υ(10860) and Υ(11020)
and to predict additional quarkonium resonances not yet
observed experimentally.
This paper is organized as follows. In section II we
detail the theoretical basics of our approach. We start
by discussing quantum numbers of quarkonium and of
pairs of heavy-light mesons for I = 0. Then we show,
how to set up a corresponding coupled channel Schrödi-
ger equation in a consistent way, and explain, how the
potential matrix is related to static potentials from QCD,
which can be computed with lattice QCD. We also dis-
cuss the boundary conditions of the wave function, which
are appropriate for a coupled channel scattering problem.
Moreover, we specialize the coupled channel Schrödiger
equation for the specific case of relative orbital angular
momentum L = 0 for the two heavy quarks, which will
be the starting point for all numerical results presented
later in the paper. In section III we extract the static
potentials we need, i.e. the elements of the matrix (1),
from lattice QCD data from Ref. [37]. In section IV we
discuss numerical methods to solve the coupled channel
Schrödiger equation. We use these methods in section V
to predict quarkonium bound states and resonances for
I = 0 and compare to existing experimental results. Fi-
nally, in section VI we conclude and present an outlook.
II. THEORETICAL BASICS OF STUDYING
QUARKONIUM RESONANCES USING LATTICE
QCD POTENTIALS
In this section we present the theoretical basics of
our approach to study quarkonium resonances for isospin
I = 0 and various JPC in the Born-Oppenheimer approx-
imation with lattice QCD potentials. We start by ana-
lyzing quantum numbers of quarkonium systems and of
corresponding decay channels of two heavy-light mesons.
Then we derive a coupled channel Schrödinger equation
containing quarkonium and two-meson channels. We also
discuss, how the potentials appearing in the Schrödinger
equation are related to static potentials, which can be
computed using lattice QCD. Finally we formulate the
boundary conditions for meson-meson scattering and spe-
cialize the Schrödinger equation to a specific sector by
performing a partial wave decomposition.
Notice that we ignore decays of quarkonium to a lighter
quarkonium and a light I = 0 meson, e.g. a σ or an η
meson. Such a decay is suppressed by the OZI rule [38–
40], when compared to the decay to a pair of heavy-light
mesons. This is consistent with experimental observa-
tions, where the dominant hadronic decay is the decay to
a pair of heavy-light mesons. It might be possible to also
study these OZI suppressed decays using lattice QCD po-
tentials and the Born-Oppenheimer approximation, but
this seems even more technical and difficult than the de-
cays addressed here and, thus, we leave them for future
research.
A. Quantum numbers of Q¯Q (quarkonium) and of
M¯M (two heavy-light mesons)
We consider systems with a heavy quark-antiquark
pair Q¯Q and either no light quarks (i.e. quarkonium) or
another light quark-antiquark pair q¯q with isospin I = 0
(two heavy-light mesons M = Q¯q and M¯ = q¯Q for large
Q¯Q separation). The quantum numbers of these systems
are denoted in the following way:
• JPC : total angular momentum, parity and charge
conjugation of the Q¯Q or the Q¯Qq¯q system.
• SPCQ : spin of Q¯Q and corresponding parity and
charge conjugation.
• J˜PC : total angular momentum excluding the heavy
spins of Q and Q¯ and corresponding parity and
charge conjugation (for quarkonium, i.e. Q¯Q with-
out light quarks, J˜PC coincides with the relative
orbital angular momentum LPC of the two heavy
quarks).
For the heavy quarks Q and Q¯ we use the following
approximations:
(1) Heavy quark spins are conserved quantities.
Consequently, the energy levels of the Q¯Q and the
Q¯Qq¯q systems as well as their decays and and res-
onance parameters do not depend on the spins of
the heavy quarks Q and Q¯, i.e. are independent of
SPCQ .
(2) Two of the four components of the Dirac spinors of
the heavy quarks Q and Q¯ vanish.
Thus, one can write Q = P−Q and Q¯ = Q¯P+,
where P± = (1 ± γ0)/2 are the projectors to the
large and small components of the non-relativistic
limit.
These approximations become exact for static quarks and
should still yield reasonably accurate results for b quarks,
possibly even for c quarks.
3Since JPC as well as SPCQ are conserved, J˜
PC is also
conserved. For each value of J˜PC the corresponding cou-
pled channel Schrödinger equation is different (see sec-
tion IID 4 for J˜PC = 0++). Thus J˜PC is of central im-
portance throughout this work, similar as JPC for sys-
tems without heavy quarks, while both JPC and SPCQ
are less relevant.
1. Q¯Q (quarkonium bound states and resonances)
As discussed above, for quarkonium, i.e. a Q¯Q pair
without light quarks, J˜PC coincides with the relative or-
bital angular momentum LPC of the two quarks. Thus,
possible values are J˜PC = 0++, 1−−, 2++ . . .
The coupling of the two heavy spinors can be written
according to
spinQ¯Q = Q¯ΓQQ = (Q¯P+)ΓQ(P−Q), (2)
where ΓQ is a 4×4 matrix. It is easy to show, that there
are only four linearly independent choices for ΓQ such
that the right hand side of Eq. (2) does not vanish: ΓQ =
P+γ5 corresponding to SPCQ = 0
−+ and ΓQ = P+γj (j =
1, 2, 3) corresponding to SPCQ = 1
−− (see also Table I,
where the coupling of two heavy spinors is summarized).
Within the approximations discussed at the beginning of
section IIA quarkonium energy levels are independent of
the heavy spins and, thus, independent of ΓQ.
Q¯Q (two heavy spinors)
SPCQ ΓQ in Q¯ΓQQ
0−+ P+γ5
1−− P+γj
Q¯q and q¯Q (one heavy and one light spinor)
SP Γ in Q¯Γq Γ in q¯ΓQ
0− P+γ5 γ5P−
0+ P+ P−
1− P+γj γjP−
1+ P+γjγ5 γjγ5P−
q¯q (two light spinors)
SPCq Γq in q¯Γqq
0−+ P+γ5, P−γ5
0++ 1
0+− γ0
1−− P+γj , P−γj
1++ γjγ5
1+− γ0γjγ5
Table I. Possibilities to couple two spinors: quantum numbers
and γ matrices.
SPCQ and J˜
PC = LPC can be coupled in the usual way
to definite total angular momentum JPC . For J˜ = L =
0, 1, 2 all possibilities are listed in Table II.
SPCQ ΓQ J˜
PC = LPC JPC
0−+ P+γ5 0++ 0−+
1−− 1+−
2++ 2−+
. . . . . .
1−− P+γj 0++ 1−−
1−− 0++ / 1++ / 2++
2++ 1−− / 2−− / 3−−
. . . . . .
Table II. Q¯Q (quarkonium): possibilities to couple the sepa-
rately conserved SPCQ and J˜PC to definite JPC .
2. M¯M (two heavy-light mesons, the decay channels of
quarkonium resonances)
It is convenient to write the spin coupling of the four
quarks forming the two heavy-light mesons M and M¯ as
spinM¯M = ΓQ,ABΓq,CD
(
(Q¯P+)AqD
)
︸ ︷︷ ︸
≡M
(
q¯C(P−Q)B
)
︸ ︷︷ ︸
≡M¯
(3)
(A, B, C and D are spin indices), i.e. such that the heavy
spins are coupled with ΓQ and the light spins are coupled
with Γq. To study quarkonium resonances, which can de-
cay into two heavy-light mesons with a coupled channel
J˜PC LPC SPCq Γq type of M and M¯
0++ 0++ 0++ 1 one P = − and one P = + meson
1−− 1−− P+γj two P = − mesons
P−γj two P = + mesons
1−− 0++ 1−− P+γj two P = − mesons
P−γj two P = + mesons
1−− 0++ 1 one P = − and one P = + meson
1++ γjγ5 one P = − and one P = + meson
2++ 1−− P+γj two P = − mesons
P−γj two P = + mesons
2++ 1−− 1−− P+γj two P = − mesons
P−γj two P = + mesons
2++ 0++ 1 one P = − and one P = + meson
1++ γjγ5 one P = − and one P = + meson
3−− 1−− P+γj two P = − mesons
P−γj two P = + mesons
. . . . . . . . . . . .
Table III. M¯M (two heavy-light mesons): possibilies to couple
relative orbital angular momentum LPC and light spin SPCq
to given J˜PC .
4Schrödinger equation, the quarkonium channel and the
two-meson decay channels must have identical SPCQ and
J˜PC (and identical corresponding z components of SQ
and J˜). This implies that the heavy quark spins of M
and M¯ have to be coupled with the same ΓQ as in the
quarkonium case (2). There are, however, several possi-
bilities to couple the relative orbital angular momentum
of the two mesons LPC and the light spin SPCq to given
J˜PC . The algebra is straightforward, when using Table I.
For J˜ = 0, 1, 2 all possibilities are listed in Table III to-
gether with the corresponding Γq.
A heavy-light meson M or M¯ with the heavy and the
light quark in an S wave can have total angular momen-
tum JM = 0 or JM = 1 and parity P = − or P = +. The
negative parity mesons have similar mass and the positive
parity mesons have similar mass, i.e.mJPM=0− ≈ mJPM=1−
and mJPM=0+ ≈ mJPM=1+ . However, the positive parity
mesons are roughly 400MeV . . . 500MeV heavier (cf. e.g.
[41, 42]). Since including lighter decay channels in a cou-
pled channel Schrödinger equation seems more important
than including heavier decay channels, it is a necessary
step to analyze, which types of heavy-light mesons corre-
spond to the spin couplings listed in Table III, in partic-
ular, which Γq corresponds to two P = − mesons. This
can be done using the Fierz identity,
(
ψ¯1ΓAψ2
)(
ψ¯3ΓBψ4
)
=
∑
C,D
αABCD
(
ψ¯1ΓCψ4
)(
ψ¯3ΓDψ2
)
, αABCD =
1
16
Tr
(
ΓCΓAΓDΓB
)
(4)
with ψ¯1 → Q¯, ψ2 → Q, ψ¯3 → q¯, ψ4 → q. Since the resulting energy levels and resonance parameters will not depend
on the heavy spins, we consider from now on exclusively the technically simpler SPCQ = 0
−+, i.e. ΓA = ΓQ = P+γ5.
For ΓB = Γq there are four possibilities as can be seen from Table III:
• Γq = P+γj :
spinM¯M = +
((
(Q¯P+)γ5q
)
︸ ︷︷ ︸
≡M,P=−
(
q¯γj(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=−
+(γ5 ↔ γj)
)
−
∑
k,l
jkl
(
(Q¯P+)γkq
)
︸ ︷︷ ︸
≡M,P=−
(
q¯γl(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=−
, (5)
i.e. a linear combination of two negative parity heavy-light mesons, which can be read off by comparing to
Table I. Notice that this is the lightest decay channel and, thus, of central importance. Later, when setting up
a coupled channel Schrödinger equation, we will include this channel, but neglect the following three channels,
which are heavier.
• Γq = 1:
spinM¯M = +
1
2
((
(Q¯P+)γ5q
)
︸ ︷︷ ︸
≡M,P=−
(
q¯(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
+(γ5 ↔ 1)
)
+
1
2
∑
j
((
(Q¯P+)γjq
)
︸ ︷︷ ︸
≡M,P=−
(
q¯γjγ5(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
−(γj ↔ γjγ5)
)
, (6)
i.e. a linear combination of a negative and a positive parity heavy-light meson.
• Γq = γjγ5:
spinM¯M = +
1
2
((
(Q¯P+)γ5q
)
︸ ︷︷ ︸
≡M,P=−
(
q¯γjγ5(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
+(γ5 ↔ γjγ5)
)
+
1
2
((
(Q¯P+)q
)
︸ ︷︷ ︸
≡M,P=+
(
q¯γj(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=−
−(1↔ γj)
)
−1
2
∑
k,l
jkl
((
(Q¯P+)γkq
)
︸ ︷︷ ︸
≡M,P=−
(
q¯γlγ5(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
+(γj ↔ γjγ5)
)
, (7)
i.e. a linear combination of a negative and a positive parity heavy-light meson.
• Γq = P−γj :
spinM¯M = +
((
(Q¯P+)q
)
︸ ︷︷ ︸
≡M,P=+
(
q¯γjγ5(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
−(1↔ γjγ5)
)
−
∑
k,l
jkl
(
(Q¯P+)γkγ5q
)
︸ ︷︷ ︸
≡M,P=+
(
q¯γlγ5(P−Q)
)
︸ ︷︷ ︸
≡M¯, P=+
, (8)
i.e. a linear combination of two positive parity heavy-light mesons.
5B. Q¯Q and M¯M coupled channel Schrödinger
equation
Setting up the coupled channel Schrödinger equation
is independent of the heavy spins. Therefore, as already
stated in the previous subsection, we consider the tech-
nically simpler SPCQ = 0
−+, i.e. ΓQ = P+γ5.
In addition to a quarkonium channel characterized by
J˜PC = LPC , we consider the lightest two-meson decay
channel, which contains two negative parity mesons M
and M¯ (see Eq. (5)). We ignore the heavier two-meson
decay channels, which include one or even two positive
parity mesons (see Eqs. (6), (7) and (8)), because their
threshold energy is higher by more than 400MeV or
800MeV, respectively. The corresponding light spin is
SPCq = 1
−− and Γq = P+γj (see Table III). Thus, the
wave function of the coupled channel Schrödinger equa-
tion has four components, ψ(r) = (ψQ¯Q(r), ~ψM¯M (r)).
The first component ψQ¯Q(r) represents the Q¯Q quarko-
nium channel, while the remaining three components
~ψM¯M (r) correspond to the three spin orientations of the
Sq = 1 triplet of the M¯M two-meson channel. r is the
relative coordinate of the two heavy quarks Q¯Q, which
is for ~ψM¯M (r) equivalent to the separation of the two
heavy-light mesons M¯M .
The spin algebra is [Sj , Sk] = ijklSl. For the three
components of ~ψM¯M (r) we choose as generators
Sx =
 0 0 00 0 −i
0 +i 0
 , Sy =
 0 0 +i0 0 0
−i 0 0
 ,
Sz =
 0 −i 0+i 0 0
0 0 0
 , (9)
i.e. the generators of rotations around the three Carte-
sian axes. The eigenvectors of Sz are v0 = (0, 0, 1) with
eigenvalue 0 and v± = (1,±i, 0)/
√
2 with eigenvalues ±1.
The coupled channel Schrödinger equation reads
(
− 1
2
µ−1
(
∂2r +
2
r
∂r − L
2
r2
)
+ V (r) + 2mM − E
)
ψ(r) = 0, (10)
where µ−1 = diag(1/µQ, 1/µM , 1/µM , 1/µM ) is a 4×4 diagonal matrix, µQ = mQ/2 and µM = mM/2 are the reduced
heavy quark and heavy-light meson masses and L = r× p is the orbital angular momentum operator. The potential
V (r) is also a 4× 4 matrix, which can be written as
V (r) =
 VQ¯Q(r) Vmix(r)(1⊗ er)
Vmix(r)
(
er ⊗ 1
)
VM¯M,‖(r)
(
er ⊗ er
)
+ VM¯M,⊥(r)
(
1− er ⊗ er
)  . (11)
This particular structure is derived and discussed in the
following section IIC, where we treat the heavy quarks
Q and Q¯ in the static limit and relate V (r) to static
potentials from QCD. In section III we explain, how to
compute the four functions VQ¯Q(r), VM¯M,‖(r), VM¯M,⊥(r)
and Vmix(r) on the right hand side of Eq. (11) using lat-
tice QCD. The non-zero off-diagonal elements in the first
column and the first row proportional to Vmix(r) lead to
mixing of the quarkonium channel and the two-meson
channels and, thus, to quarkonium resonances.
Note that in a previous paper [29] we have used sim-
ilar techniques to derive a coupled channel Schrödinger
equation for an I(JP ) = 0(1+) Q¯Q¯qq tetraquark system,
to explore the effect of the heavy quark spins.
C. Relating the potentials in the coupled channel
Schrödinger equation to static potentials from QCD
In this subsection we treat the heavy quarks Q and Q¯
as static quarks. This allows to relate the potential ma-
trix V (r) appearing in the coupled channel Schrödinger
equation (10), i.e. the four potentials VQ¯Q(r), VM¯M,‖(r),
VM¯M,⊥(r) and Vmix(r) (see Eq. (11)) to static potentials
from QCD, which can be computed using lattice QCD.
Moreover, we explain, why V (r) has the particular struc-
ture given in Eq. (11).
The positions of static quarks are frozen, for Q and
Q¯ w.l.o.g. at +r/2 and −r/2, respectively, i.e. their sep-
aration is r = |r|. Thus, rotational symmetry, parity
and charge conjugation are broken. Remaining symmetry
transformations are rotations around the Q¯Q separation
axis, parity combined with charge conjugation (operator
P ◦C) and spatial reflection along an axis perpendicular
to the Q¯Q separation axis (corresponding operator de-
noted as Px). States are labeled by quantum numbers
Λη, where the Q¯Q spin is not included, because static
spins are conserved quantities (for a detailed discussion
of this notation, which is also used for homonuclear di-
atomic molecules and for excited flux tubes, see Refs.
[9, 37, 43, 44]):
• Λ = 0, 1, 2, . . . = Σ,Π,∆, . . . is the absolute value
of total angular momentum with respect to the Q¯Q
separation axis.
6• η = +,− = g, u is the eigenvalue with respect to
the operator P ◦ C.
•  = +,− is the eigenvalue with respect to the op-
erator Px (sectors with Λ 6= 0, which differ only in
the quantum number , have degenerate spectra;
therefore, it is common to list  only for Λ = Σ and
to omit  for Λ = Π,∆, . . .).
Since the three quantum numbers Λη do not include the
Q¯Q spin, they play a similar role as J˜PC , when the heavy
quark positions are not frozen.
A quarkonium system Q¯Q with static quarks and the
gluonic flux tube in the ground state has quantum num-
bers Λη = Σ+g , i.e. the flux tube is invariant under ro-
tations around and reflections parallel and perpendicular
to the Q¯Q separation axis. For the M¯M channels with
quark content Q¯Qq¯q and static quarks Q and Q¯ the situa-
tion is more complicated, because of the spins of the two
light quarks, which are coupled according to q¯Γqq (see
Eq. (3)). Since we exclusively consider channels contain-
ing two negative parity heavy-light mesons, there are only
three independent possibilities, Γq ∈ {P+γ1, P+γ2, P+γ3}
(see Table III). The linear combination Γq = erP+~γ =
(er)jP+γj corresponds to light spin Sq = 1 parallel to
the Q¯Q separation axis (here and in the following er, eϑ
and eϕ denote the orthogonal basis vectors of spherical
coordinates). The quantum numbers are Λη = Σ+g , i.e.
are identical to those of the quarkonium system. The
remaining two combinations, Γq = eϑP+~γ = (eϑ)jP+γj
and Γq = eϕP+~γ = (eϕ)jP+γj , correspond to light spin
Sq = 1 perpendicular to the Q¯Q separation axis with
quantum numbers Λη = Π+g and Λη = Π−g , respectively
(for definiteness we have choosen as direction of reflection
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Figure 1. The correlation matrix 〈O†j (t)Ok(0)〉 in diagram-
matic form. The straight arrows represent parallel trans-
porters, which appear in the creation operator OΣ
+
g
Q¯Q
(see Eq.
(12)) and the static quark propagators, while the wiggly lines
represent light u and d quark propagators.
for Px the ϕ direction; note, however, that final results
are independent of this choice).
The computation of static potentials with quantum
numbers Λη with lattice QCD can be done as explained in
detail in Ref. [37]. For Λη = Σ+g there is mixing between
a quarkonium-like static potential and a two-meson-like
static potential. To compute both potentials, two cre-
ation operators are needed,
OΣ
+
g
Q¯Q
= (P+γ5︸ ︷︷ ︸
=ΓQ
)AB
(
Q¯A(−r/2)U(−r/2; +r/2)QB(+r/2)
)
(12)
OΣ
+
g
M¯M
= (P+γ5︸ ︷︷ ︸
=ΓQ
)AB(erP+~γ︸ ︷︷ ︸
=Γq
)CD
(
Q¯A(−r/2)uD(−r/2)
)(
u¯C(r/2)QB(+r/2) + (u→ d)
)
, (13)
where the first operator is of quarkonium type (U(−r/2; +r/2) is a straight spatial parallel transporter connecting
−r/2 and +r/2, typically a product of smeared spatial links), while the second operator is of two-meson type. From a
normalized 2× 2 correlation matrix Cjk(t) = 〈O†j(t)Ok(0)〉/(CM (t))2, where 〈O†j(t)Ok(0)〉 is visualized in Fig. 1 and
CM (t) denotes the correlation function of the JP = 0− static-light meson (see e.g. Refs. [42, 45]), one can extract the
energy eigenvalues V
Σ+g
0 (r) and V
Σ+g
1 (r). These eigenvalues correspond to the two lowest energy eigenstates in the Σ
+
g
sector, |0; Σ+g 〉 and |1; Σ+g 〉, and are normalized with respect to 2mM . The Π+g sector as well as the Π−g sector do not
include quarkonium states. Thus, for each of them a single creation operator is sufficient, differing from the operator
(13) only in Γq,
OΠ
+
g
M¯M
= (P+γ5︸ ︷︷ ︸
=ΓQ
)AB(eϑP+~γ︸ ︷︷ ︸
=Γq
)CD
(
Q¯A(−r/2)uD(−r/2)
)(
u¯C(r/2)QB(+r/2) + (u→ d)
)
(14)
OΠ
−
g
M¯M
= (P+γ5︸ ︷︷ ︸
=ΓQ
)AB(eϕP+~γ︸ ︷︷ ︸
=Γq
)CD
(
Q¯A(−r/2)uD(−r/2)
)(
u¯C(r/2)QB(+r/2) + (u→ d)
)
. (15)
7From the corresponding normalized correlation functions one can extract the energy eigenvalues V
Π+g
0 (r) and V
Π−g
0 (r)
of the lowest energy eigenstate in each of the sectors, |0; Π+g 〉 and |0; Π−g 〉. Note that the spectra in these sectors are
identical, i.e. V Πg0 (r) = V
Π+g
0 (r) = V
Π−g
0 (r). The previously defined energy eigenvalues and eigenstates fulfill
(
〈0; Σ+g |, 〈1; Σ+g |, 〈0; Π+g |, 〈0; Π−g |
)
j
H

|0; Σ+g 〉
|1; Σ+g 〉
|0; Π+g 〉
|0; Π−g 〉

k
=

V
Σ+g
0 (r) 0 0 0
0 V
Σ+g
1 (r) 0 0
0 0 V
Πg
0 (r) 0
0 0 0 V
Πg
0 (r)

jk
, (16)
where H denotes the Hamiltonian.
If the gluonic parallel transporter U and the light quark fields u and d appearing in the creation operators (12) and
(13) are properly smeared, the corresponding normalized trial states |Q¯Q〉 = #OΣ
+
g
Q¯Q
|Ω〉 and |M¯M‖〉 = #OΣ
+
g
M¯M
|Ω〉 (#
denote appropriate normalization factors) are in good approximation linear combinations of the energy eigenstates
|0; Σ+g 〉 and |1; Σ+g 〉, (
|0; Σ+g 〉, |1; Σ+g 〉
)
j
=
(
+ cos(θ(r)) + sin(θ(r))
− sin(θ(r)) + cos(θ(r))
)
jk
(
|Q¯Q〉, |M¯M‖〉
)
k
, (17)
where θ(r) is the mixing angle (for details see Ref. [37], section 5.A). For separations r somewhat below the string
breaking distance rsb ≈ 1.1 fm the lowest energy eigenstate is predominantly a quarkonium state, while the first
excitation is a two-meson state, i.e. θ(r) ≈ 0.3 . . . 0.4. For r somewhat above rsb the situation is reversed, i.e.
θ(r) ≈ pi/2. For a detailed discussion, of how to compute the mixing angle from the 2× 2 correlation matrix see Ref.
[37]. One can obtain the analog of Eq. (16) for a basis including |Q¯Q〉 and |M¯M‖〉 instead of |0; Σ+g 〉 and |1; Σ+g 〉 by
using Eq. (17), (
〈Q¯Q|, 〈M¯M‖|, 〈M¯M+⊥ |, 〈M¯M−⊥ |
)
j
H
(
|Q¯Q〉, |M¯M‖〉, |M¯M+⊥ 〉, |M¯M−⊥ 〉
)
k
=
=

VQ¯Q(r) Vmix(r) 0 0
Vmix(r) VM¯M,‖(r) 0 0
0 0 VM¯M,⊥(r) 0
0 0 0 VM¯M,⊥(r)

jk
, (18)
where we have defined |M¯M±⊥ 〉 = |0; Π±g 〉 and
VQ¯Q(r) = cos
2(θ(r))V
Σ+g
0 (r) + sin
2(θ(r))V
Σ+g
1 (r) (19)
VM¯M,‖(r) = sin
2(θ(r))V
Σ+g
0 (r) + cos
2(θ(r))V
Σ+g
1 (r) (20)
Vmix(r) = cos(θ(r)) sin(θ(r))
(
V
Σ+g
0 (r)− V
Σ+g
1 (r)
)
(21)
VM¯M,⊥(r) = V
Πg
0 (r). (22)
To express the 4× 4 potential matrix V (r) appearing in the Schrödinger equation (10) in terms of static potentials
in QCD, recall that the first row and column of this matrix corresponds to a Q¯Q quarkonium channel, while the
remaining three rows and columns correspond to the spin-1 triplet of a two-meson M¯M channel. Thus,
Vjk(r) =
(
〈Q¯Q|, 〈M¯M1|, 〈M¯M2|, 〈M¯M3|
)
j
H
(
|Q¯Q〉, |M¯M1〉, |M¯M2〉, |M¯M3〉
)
k
, (23)
where |M¯Mj〉, j = 1, 2, 3 are linear combinations of two-meson states |M¯M‖〉, |M¯M+⊥ 〉 and |M¯M−⊥ 〉, which have light
spin in j direction. These linear combinations are given by
|M¯M‖〉 = (er)j |M¯Mj〉 , |M¯M+⊥ 〉 = (eϑ)j |M¯Mj〉 , |M¯M−⊥ 〉 = (eϕ)j |M¯Mj〉. (24)
Combining Eqs. (18), (23) and (24) leads to
V (r) =
 VQ¯Q(r) Vmix(r)(1⊗ er)
Vmix(r)
(
er ⊗ 1
)
VM¯M,‖(r)
(
er ⊗ er
)
+ VM¯M,⊥(r)
(
1− er ⊗ er
)  , (25)
which is identical to Eq. (11). Thereby, we have derived the structure of the 4 × 4 potential matrix appearing in
8the Schrödinger Eq. (10). Moreover, via Eqs. (19) to (20)
we have related the four potentials VQ¯Q(r), VM¯M,‖(r),
Vmix(r) and VM¯M,⊥(r) to the static potentials V
Σ+g
0 (r),
V
Σ+g
1 (r) and V
Πg
0 (r) and the mixing angle θ(r), which
can be computed using lattice QCD.
D. Boundary conditions for MM¯ scattering and
partial wave decomposition
Now we consider specific boundary conditions appro-
priate to describe scattering of two heavy-light mesonsM
and M¯ , an incident plane wave and an emergent spheri-
cal wave for large Q¯Q separations r (for previous work on
similar systems see Refs. [2, 34]). Moreover, we do a par-
tial wave decomposition and specialize the Schrödinger
equation (10) to definite J˜PC = 0++, i.e. vanishing total
angular momentum excluding the heavy spins. In other
words, we formulate the Schrödinger equation (10) specif-
ically for quarkonium bound states and resonances with
J˜PC = LPC = 0++ (for the relation of J˜PC to the com-
mon JPC as e.g. used by the Particle Data Group [46]
see Table II). This reduces the partial differential equa-
tion (10) to a system of two coupled ordinary differential
equations in the radial coordinate r = |r|, which is much
simpler to solve numerically.
1. Basis functions for the partial wave decomposition
In standard textbooks on quantum mechanics scat-
tering theory is typically discussed for a spin-0 system
and a single channel, i.e. the corresponding Schrödinger
equation has only one component and the partial wave
decomposition is done in terms of spherical harmonics,
which are eigenfunctions of L2 and Lz. For our partic-
ular problem an equivalent decomposition is technically
more complicated, because the Schrödinger equation (10)
has two channels, a Q¯Q quarkonium channel with spin 0
(upper component of the wave function) and a M¯M two-
meson channel with spin 1 (lower three components of
the wave function), i.e. ψ(r) = (ψQ¯Q(r), ~ψM¯M (r)). The
partial wave decomposition has to be done in terms of
four-component eigenfunctions of J˜2 and J˜z, which are
conserved quantities and replace the non-conserved L2
and Lz. An orthonormal and complete set of eigenfunc-
tions with respect to to the solid angle Ω and the four
components of ψ(r) is the following:
• For the spin-0 component of ψ(r), i.e. for ψQ¯Q(r),
J˜ = L. Thus, eigenfunctions of J˜2 and J˜z, which
are non-zero in the upper component, are
ZQ¯Q,J˜,J˜z (Ω) = (YJ˜,J˜z (Ω),
~0), (26)
i.e. proportional to spherical harmonics.
• Eigenfunctions of J˜2 and J˜z, which are non-zero
in the lower three components, can be constructed
by Clebsch-Gordan coupling of spherical harmon-
ics YL,Lz (Ω) (representing relative orbital angular
momentum L) and the three spin-1 components of
the light quarks. They are given by
ZM¯M,L→J˜,J˜z (Ω) = (0,ZL→J˜,J˜z (Ω)), (27)
where L = 1 for J˜ = 0 and J˜ − 1 ≤ L ≤ J˜ + 1 for
J˜ ≥ 1. ZL→J˜,J˜z (Ω) is defined as follows:
– J˜ = 0, J˜z = 0:
Z1→0,0(Ω) =
(
1
4pi
)1/2
er. (28)
– J˜ = 1, J˜z = −1, 0,−1 (three possibilities for
each J˜z):
Z0→1,j(Ω) =
(
1
4pi
)1/2
ej (29)
Z1→1,j(Ω) =
(
3
8pi
)1/2
jkl
rk
r
el (30)
Z2→1,j(Ω) =
(
18
16pi
)1/2(
rj
r
er − 1
3
ej
)
(31)
(j = x, y, z replaces the index J˜z = −1, 0,+1
in the usual way, i.e. z ≡ 0 and ∓(x ± iy) ≡
±1).
– J˜ ≥ 2:
The corresponding functions ZL→J˜,J˜z (Ω) can
be constructed in a straightforward way. Since
these functions are not needed explicitly in
this work, we do not provide equations.
Any three-component functionG(r) can be written
as an expansion in ZL→J˜,J˜z (Ω),
G(r) = g1→0,0(r)Z1→0,0(Ω)
+
∞∑
J˜=1
+J˜∑
J˜z=−J˜
∑
L=J˜−1,J˜,J˜+1
gL→J˜,J˜z (r)ZL→J˜,J˜z (Ω),
(32)
where the expansion coefficients gL→J˜,J˜z (r) are
functions of r = |r|. Note that all ZL→J˜,J˜z (Ω)
have parity (−1)L+1. Thus for parity even func-
tions G(r) all coefficients gL→J˜,J˜z (r) with even L
are zero, while for parity odd functions G(r) all
coefficients gL→J˜,J˜z (r) with odd L are zero.
92. Boundary conditions for MM¯ scattering for r →∞
In section III, where we determine the potentials
VQ¯Q(r), VM¯M,‖(r), VM¯M,⊥(r) and Vmix(r) by param-
eterizing lattice QCD results from Ref. [37], we find
VM¯M,‖(r) → 0, VM¯M,⊥(r) → 0 and Vmix(r) → 0 for
Q¯Q separations r → ∞ (see Eqs. (61), (59) and (60)).
This is expected, because the potentials are normalized
by an additive constant in such a way that a value of
0 corresponds to the M¯M threshold. Consequently, the
4× 4 potential matrix (11) reduces to
V (r) =
 VQ¯Q(r) 0 0 00 0 0 00 0 0 0
0 0 0 0
 , (33)
i.e. the Schrödinger Eq. (11) decouples into four in-
dependent partial differential equations, one for each
of the four components of the wave function ψ(r) =
(ψQ¯Q(r), ~ψM¯M (r)).
The potential in the quarkonium equation, VQ¯Q(r), is
linear for r →∞, i.e. confining (see Eq. (58)). Thus the
boundary conditions for ψQ¯Q(r) is
ψQ¯Q(r) = 0 for r →∞. (34)
The three equations for the components of ~ψM¯M (r)
have a vanishing potential, i.e. are identical to the free
Schrödinger equation. Thus the appropriate boundary
conditions for ~ψM¯M (r) for M¯M meson scattering at def-
inite relative momentum k =
√
2µME are a superposi-
tion of an incident plane wave and an emergent spherical
wave, where both are solutions of the free Schrödinger
equation. The incident plane wave (for simplicity we
choose a plane wave in positive z direction) is Ae+ikz
with a polarization vector A describing the light spin 1
of the colliding mesons. The emergent spherical wave
can be expanded in terms of spherical Hankel functions
of the first kind h(1)L (kr) and the angular basis functions
ZL→J˜,J˜z (Ω) discussed in section IID 1. Thus,
~ψM¯M (r) = Ae
+ikz −
√
4piAzt1→0,0h
(1)
1 (kr)Z1→0,0(Ω)
+
∞∑
J˜=1
+J˜∑
J˜z=−J˜
∑
L=J˜−1,J˜,J˜+1
tL→J˜,J˜h
(1)
L (kr)ZL→J˜,J˜z (Ω)
for r →∞, (35)
where tL→J˜,J˜/k are the scattering amplitudes. We have
included the prefactor −√4pi in front of t1→0,0, because
using probability conservation one can show∣∣∣1 + 2it1→0,0∣∣∣ = 1. (36)
This in turn allows to define the corresponding scattering
phase δ1→0,0 as
e2iδ1→0,0 = 1 + 2it1→0,0, (37)
which closely resembles textbook conventions for stan-
dard scattering of spinless particles. Eq. (36) is equiva-
lent to
Im(t1→0,0) = |t1→0,0|2, (38)
which is the optical theorem.
3. Partial wave decomposition
The partial wave decomposition of ψQ¯Q(r) is an ordi-
nary expansion in spherical harmonics,
ψQ¯Q(r) =
√
4piiAz
u0,0(r)
kr
Y0,0(Ω)
+
∞∑
J˜=1
+J˜∑
J˜z=−J˜
uJ˜,J˜z (r)
kr
YJ˜,J˜z (Ω) (39)
with functions uJ˜,J˜z (r) as coefficients (see Eq. (26)). It
is convenient to include the prefactor
√
4piiAz in front
of u0,0(r), to avoid unnecessary factors in the coupled
channel Schrödinger equation for J˜PC = 0++, which we
will derive in section IID 4. The boundary conditions are
uJ˜,J˜z (r) ∝ rJ˜+1 for r → 0 (40)
uJ˜,J˜z (r) = 0 for r →∞, (41)
where the latter follows from Eq. (34).
We write ~ψM¯M (r) as a sum of the incident waveAe+ikz
and an emergent wave X(r),
~ψM¯M (r) = Ae
+ikz +X(r). (42)
The partial wave decomposition of ~ψM¯M (r) follows Eq.
(32),
Ae+ikz = a1→0,0(r)Z1→0,0(Ω)
+
∞∑
J˜=1
+J˜∑
J˜z=−J˜
∑
L=J˜−1,J˜,J˜+1
aL→J˜,J˜z (r)ZL→J˜,J˜z (Ω)
(43)
X(r) =
√
4piiAz
χ1→0,0(r)Z1→0,0(Ω)
kr
+
∞∑
J˜=1
+J˜∑
J˜z=−J˜
∑
L=J˜−1,J˜,J˜+1
χL→J˜,J˜z (r)
kr
ZL→J˜,J˜z (Ω).
(44)
with functions aL→J˜,J˜z (r) and χL→J˜,J˜z (r) as coefficients.
Again it is convenient to include the prefactor
√
4piiAz in
front of χ1→0,0(r). For the incident wave the coefficients
aL→J˜,J˜z (r) can be calculated in a straightforward way,
e.g.
a1→0,0(r) =
∫
dΩ (Z1→0,0(Ω))∗Aeikz =
√
4piiAzj1(kr)
(45)
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(j1 denotes a spherical Bessel function of the first kind),
which is particularly relevant in the following. The
boundary conditions are
χL→J˜,J˜z (r) ∝ rL+1 for r → 0 (46)
χL→J˜,J˜z (r) = itL→J˜,J˜zkrh
(1)
L (kr) for r →∞, (47)
where the latter can be obtained by inserting Eq. (44)
into Eq. (42) and by comparing to Eq. (35).
4. Coupled channel Schrödinger equation for J˜PC = 0++
Now we project the Schrödinger equation (10) to def-
inite J˜PC = 0++ by integrating both the left hand side
and the right hand side over the solid angle according to∫
dΩ (Z...(Ω))
† with appropriate Z...(Ω), i.e. those with
indices J˜ = 0 and J˜z = 0:
Z...(Ω) = ZQ¯Q,0,0(Ω) :
→
(
− 1
2µQ
∂2r + VQ¯Q(r) + 2mM − E
)
u0,0(r) + Vmix(r)
(
krj1(kr) + χ1→0,0(r)
)
= 0 (48)
Z...(Ω) = ZM¯M,1→0,0(Ω) :
→ Vmix(r)u0,0(r) + VM¯M,‖(r)krj1(kr) +
(
− 1
2µM
(
∂2r +
2
r2
)
+ VM¯M,‖(r) + 2mM − E
)
χ1→0,0(r) = 0. (49)
These two equations can also be expressed in matrix form,(
−1
2
(
1/µQ 0
0 1/µM
)
∂2r +
1
2r2
(
0 0
0 2/µM
)
+ V0(r) + 2mM − E
)(
u0,0(r)
χ1→0,0(r)
)
= −
(
Vmix(r)
VM¯M,‖(r)
)
krj1(kr) ,
V0(r) =
(
VQ¯Q(r) Vmix(r)
Vmix(r) VM¯M,‖(r)
)
. (50)
Eqs. (48) and (49) or equivalently Eq. (50) are corner
stone equations of this work. In section V we will solve
them to obtain numerical results for bottomonium bound
states and resonances.
Specializing the coupled channel Schrödinger equation
(10) to J˜PC = 1−− or higher J˜ can be done in the same
way. We leave that for future publications.
III. UTILIZING THE LATTICE QCD STATIC
POTENTIALS FROM REF. [37]
To determine the potentials VQ¯Q(r), VM¯M,‖(r),
VM¯M,⊥(r) and Vmix(r), one has to compute the following
correlation functions with lattice QCD, as discussed in
section IIC:
• A normalized 2 × 2 correlation matrix using the
creation operators (12) and (13).
• A normalized correlation function using either the
creation operator (14) or the creation operator (15).
Such computations are quite challenging and technicali-
ties are discussed in detail e.g. in [37, 47]. In the future
we plan to perform such computations. Here we follow
a different strategy and reuse the existing lattice QCD
results for static potentials from Ref. [37], to determine
VQ¯Q(r), VM¯M,‖(r), VM¯M,⊥(r) and Vmix(r) within certain
approximations.
In Ref. [37] a 2×2 correlation matrix was computed at
light u and d quark mass corresponding to a pion mass
mpi ≈ 654MeV and lattice spacing a ≈ 1/(2.37GeV) ≈
0.083 fm using the creation operators
O[37]
Q¯Q
=
(
Q¯(−r/2)erP+~γU(−r/2; +r/2)Q(+r/2)
)
O[37]
M¯M
=
(
Q¯(−r/2)P+γ5u(−r/2)
)(
u¯(+r/2)γ5P−Q(+r/2)
)
+ (u→ d) (51)
(see Eqs. (11) and (15) in Ref. [37]; for convenience we have expressed these operators in the same notation used in
previous sections of this work and we have inserted projectors P+ using Q = P−Q and Q¯ = Q¯P+). Using the Fierz
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identity (4) these operators can be rewritten according to
O[37]
Q¯Q
= (erP+~γ︸ ︷︷ ︸
=ΓQ
)AB
(
Q¯A(−r/2)U(−r/2; +r/2)QB(+r/2)
)
= OΣ
+
g
Q¯Q
[ΓQ = erP+~γ] (52)
O[37]
M¯M
=
1
2
(
(P+γ5︸ ︷︷ ︸
=ΓQ
)AB(P+γ5︸ ︷︷ ︸
=Γq
)CD −
∑
j
(P+γj︸ ︷︷ ︸
=ΓQ
)AB(P+γj︸ ︷︷ ︸
=Γq
)CD
)(
Q¯A(−r/2)uD(−r/2)
)(
u¯C(r/2)QB(+r/2)
)
+(u→ d) = 1
2
(
OΣ−u
M¯M
[ΓQ = P+γ5]−OΠ
+
g
M¯M
[ΓQ = eϑP+~γ]−OΠ
−
g
M¯M
[ΓQ = eϕP+~γ]−OΣ
+
g
M¯M
[ΓQ = erP+~γ]
)
.(53)
Four of the five operators appearing on the right hand sides are defined in Eqs. (12) to (15), where ΓQ has to be
replaced as indicated in square brackets. OΣ−u
M¯M
is an operator probing the Σ−u sector, defined via
OΣ−u
M¯M
= (ΓQ)AB(P+γ5︸ ︷︷ ︸
=Γq
)CD
(
Q¯A(−r/2)uD(−r/2)
)(
u¯C(r/2)QB(+r/2)
)
+ (u→ d). (54)
Note that the two-meson creation operator O[37]
M¯M
used in Ref. [37] does not only probe the Σ+g sector, i.e. the sector
of the ordinary static potential, but also the three sectors Σ−u , Π+g and Π−g .
To parameterize the three independent elements of the normalized 2 × 2 correlation matrix for large temporal
separations t, we follow the arguments of Ref. [37],
CQ¯Q,Q¯Q(t) =
1
(CM (t))2
〈
O[37] †
Q¯Q
(t)O[37]
Q¯Q
(0)
〉
=
(
a
Σ+g
Q¯Q
(r)
)2(
cos2(θ(r))e−V
Σ+g
0 (r)t + sin2(θ(r))e−V
Σ+g
1 (r)t
)
(55)
CM¯M,M¯M (t) =
1
(CM (t))2
〈
O[37] †
M¯M
(t)O[37]
M¯M
(0)
〉
=
1
4
(
a
Σ−u
M¯M
(r)
)2
e−V
Σ−u
0 (r)t +
1
2
(
a
Πg
M¯M
(r)
)2
e−V
Πg
0 (r)t
+
1
4
(
a
Σ+g
M¯M
(r)
)2(
sin2(θ(r))e−V
Σ+g
0 (r)t + cos2(θ(r))e−V
Σ+g
1 (r)t
)
(56)
CQ¯Q,M¯M (t) =
1
(CM (t))2
〈
O[37] †
Q¯Q
(t)O[37]
M¯M
(0)
〉
=
1
2
a
Σ+g
Q¯Q
(r)a
Σ+g
M¯M
(r) cos(θ(r)) sin(θ(r))
(
e−V
Σ+g
0 (r)t − e−V
Σ+g
1 (r)t
)
. (57)
It is assumed that for large t two energy eigenstates are
sufficient to describe the contributions from the Σ+g sec-
tor (which are a mixtures of a Q¯Q quarkonium state and
a M¯M two-meson state), while for each of the sectors
Σ−u , Π+g and Π−g only a single energy eigenstate is needed
(a M¯M two-meson state). V
Σ+g
0 (r), V
Σ+g
1 (r), V
Σ−u
0 (r) and
V
Πg
0 (r) are the corresponding potentials and the coeffi-
cients a
Λ()η
j are proportional to the overlaps of the energy
eigenstates and the trial states generated by the creation
operators OΣ
+
g
Q¯Q
, OΣ−u
M¯M
, OΠ
+
g
M¯M
, OΠ
−
g
M¯M
and OΣ
+
g
M¯M
. Eqs.
(55) to (57) represent a corrected version of Eqs. (68) to
(70) in Ref. [37], where it is now taken into account that
O[37]
M¯M
probes several Λη sectors.
The correlation matrix data of Ref. [37] is not pub-
licly available, but a parametrization of this data is given
(see. Eqs. (68) to (70) and Table I in Ref. [37]). This
parametrization allows us to resample the correlators
from Ref. [37] and to perform χ2 minimizing fits of our
parametrization (55) to (57) to the resampled data. For
stable fits the number of parameters is, however, too
large. Thus, we assume V Σ
−
u
0 (r) = V
Πg
0 (r) = 0 (i.e.
the ground state energy in the sectors, where no string-
like state is present, is around two times the static-light
meson mass) and aΣ
−
u
M¯M
(r) = a
Πg
M¯M
(r) = a
Σ+g
M¯M
(r) (i.e.
all two-meson creation operators create similar overlaps).
For each Q¯Q separation r we perform a χ2 minimizing
fit with the remaining five parameters V
Σ+g
0 (r), V
Σ+g
1 (r),
θ(r), a
Σ+g
Q¯Q
(r) and a
Σ+g
M¯M
(r) with χ2/dof indicating good
fits. The corresponding results are collected in Table IV,
columns 2 to 6. Moreover, the potentials V
Σ+g
0 (r), V
Σ+g
1 (r)
and the mixing angle θ(r) are shown as functions of r in
Fig. 2.
Inserting the fit results for V
Σ+g
0 (r), V
Σ+g
1 (r) and θ(r)
into Eqs. (19) to (21) leads to the potentials VQ¯Q(r),
VM¯M,‖(r) and Vmix(r), which appear in the coupled chan-
nel Schrödinger equation (Eqs. (10) and (11) or specifi-
cally for J˜PC = 0++ Eq. (50)). These potentials are also
collected in Table IV, columns 7 to 9, and shown in Fig.
3.
There are several interesting aspects concerning the
potentials V
Σ+g
0 (r), V
Σ+g
1 (r) (see Figure 2, upper plot),
which correspond to energy eigenvalues, and the poten-
tials VQ¯Q(r), VM¯M,‖(r), Vmix(r) (see Figure 3), which
12
r/a V
Σ+g
0 (r)a V
Σ+g
1 (r)a θ(r) a
Σ+g
Q¯Q
(r) a
Σ+g
M¯M
(r) VQ¯Q(r)a VM¯M,‖(r)a Vmix(r)a
1.365 −0.760(04) +0.104(54) 0.258(004) 1.038(11) 0.493(6) −0.704(05) +0.048(51) −0.213(12)
1.442 −0.708(04) +0.147(42) 0.336(004) 1.057(11) 0.498(5) −0.615(05) +0.054(39) −0.267(12)
1.826 −0.651(04) +0.196(35) 0.392(006) 1.072(11) 0.502(4) −0.528(06) +0.073(31) −0.299(12)
1.855 −0.637(04) +0.150(34) 0.429(007) 1.088(11) 0.498(4) −0.500(07) +0.014(29) −0.298(13)
2.836 −0.544(04) +0.169(27) 0.481(007) 1.103(12) 0.500(3) −0.391(06) +0.016(22) −0.292(11)
2.889 −0.533(04) +0.149(24) 0.498(007) 1.113(12) 0.498(4) −0.378(06) −0.007(20) −0.286(10)
3.513 −0.494(04) +0.147(24) 0.478(007) 1.095(12) 0.499(3) −0.358(06) +0.011(20) −0.262(10)
3.922 −0.465(04) +0.123(23) 0.461(007) 1.075(12) 0.498(3) −0.349(05) +0.007(20) −0.234(09)
4.252 −0.450(04) +0.140(21) 0.434(007) 1.051(13) 0.500(3) −0.346(05) +0.035(19) −0.225(08)
4.942 −0.410(03) +0.113(24) 0.397(005) 1.026(10) 0.499(2) −0.332(03) +0.035(22) −0.186(08)
5.229 −0.398(03) +0.116(24) 0.375(005) 1.013(10) 0.500(3) −0.329(03) +0.047(22) −0.175(07)
5.666 −0.376(04) +0.088(18) 0.357(007) 1.001(13) 0.497(3) −0.319(04) +0.031(17) −0.152(06)
5.954 −0.365(03) +0.080(22) 0.344(007) 0.979(10) 0.497(2) −0.314(03) +0.029(21) −0.141(06)
6.953 −0.321(04) +0.070(17) 0.312(007) 0.953(13) 0.497(3) −0.284(04) +0.033(16) −0.114(05)
6.962 −0.320(03) +0.071(21) 0.320(007) 0.953(09) 0.497(3) −0.281(03) +0.032(19) −0.116(06)
7.079 −0.311(04) +0.040(13) 0.331(007) 0.966(11) 0.491(2) −0.274(04) +0.003(12) −0.108(04)
7.967 −0.277(03) +0.038(16) 0.331(009) 0.937(09) 0.492(4) −0.244(03) +0.005(16) −0.097(05)
8.492 −0.257(05) +0.032(09) 0.333(009) 0.925(15) 0.491(1) −0.226(04) +0.001(08) −0.089(03)
8.680 −0.243(05) +0.020(08) 0.344(011) 0.943(16) 0.489(1) −0.213(04) −0.010(08) −0.083(03)
8.971 −0.226(05) +0.024(08) 0.352(009) 0.947(14) 0.490(1) −0.197(04) −0.006(08) −0.081(03)
9.905 −0.202(07) +0.028(08) 0.344(011) 0.889(18) 0.491(1) −0.176(06) +0.002(08) −0.073(04)
9.974 −0.192(06) +0.024(08) 0.357(013) 0.908(17) 0.490(1) −0.166(05) −0.003(08) −0.071(04)
10.408 −0.187(09) +0.020(08) 0.345(021) 0.864(26) 0.489(1) −0.163(08) −0.004(08) −0.066(05)
10.977 −0.150(11) +0.008(07) 0.397(033) 0.898(30) 0.489(1) −0.126(10) −0.015(08) −0.056(06)
11.319 −0.150(08) +0.023(08) 0.358(023) 0.849(20) 0.490(1) −0.129(07) +0.002(09) −0.057(04)
12.138 −0.125(09) +0.019(08) 0.358(030) 0.819(23) 0.490(1) −0.107(08) +0.001(09) −0.047(05)
12.733 −0.099(07) +0.023(04) 0.400(030) 0.821(15) 0.490(1) −0.080(06) +0.004(05) −0.044(04)
13.869 −0.045(08) +0.026(08) 0.540(091) 0.828(14) 0.491(1) −0.026(05) +0.007(11) −0.031(06)
14.147 −0.047(06) +0.024(07) 0.507(065) 0.796(09) 0.491(1) −0.030(04) +0.007(09) −0.030(04)
14.288 −0.040(07) +0.022(07) 0.555(083) 0.798(12) 0.490(2) −0.023(04) +0.005(10) −0.028(05)
14.463 −0.037(08) +0.020(07) 0.671(109) 0.797(12) 0.489(2) −0.015(04) −0.002(11) −0.028(05)
14.605 −0.024(08) +0.024(10) 0.671(155) 0.804(12) 0.490(1) −0.006(04) +0.005(14) −0.023(05)
14.704 −0.030(09) +0.021(08) 0.811(145) 0.798(11) 0.489(2) −0.003(04) −0.006(14) −0.025(05)
15.008 −0.024(08) +0.021(07) 0.915(149) 0.787(11) 0.489(1) +0.004(03) −0.007(12) −0.021(04)
15.176 −0.012(08) +0.031(13) 0.874(182) 0.789(12) 0.491(1) +0.014(05) +0.006(16) −0.021(06)
15.372 −0.009(06) +0.037(12) 1.031(126) 0.794(14) 0.490(1) +0.025(07) +0.003(11) −0.020(06)
15.561 −0.005(06) +0.041(12) 0.925(152) 0.773(14) 0.491(1) +0.024(06) +0.012(13) −0.022(07)
15.600 −0.006(07) +0.046(11) 1.136(110) 0.795(15) 0.490(1) +0.036(08) +0.003(10) −0.020(06)
17.331 +0.004(08) +0.097(13) 1.426(029) 0.756(21) 0.491(1) +0.095(13) +0.006(08) −0.013(03)
19.063 +0.012(09) +0.163(20) 1.516(011) 0.732(29) 0.491(1) +0.162(20) +0.013(09) −0.008(02)
Table IV. Columns 2 to 6: potentials V
Σ+g
0 (r)a and V
Σ+g
1 (r)a, mixing angle θ(r), overlaps a
Σ+g
Q¯Q
(r) and a
Σ+g
M¯M
(r) from χ2 minimizing
fits to the resampled correlation functions of Ref. [37] (lattice spacing a ≈ 1/(2.37GeV)). Columns 7 to 9: potentials VQ¯Q(r)a,
VM¯M,‖(r)a and Vmix(r)a obtained via Eqs. (19) to (21).
represent the interaction in the quarkonium and the two-
meson channel and the mixing between these channels:
• V Σ
+
g
0 (r) for separations r <∼ 1 fm is a standard quan-
tity computed in lattice QCD and commonly re-
ferred to as “the static potential”. It has a neg-
ative curvature for small r and is almost linear
for larger r. Quite often it is parameterized via
V
Σ+g
0 (r) = const−α/r+σr (see e.g. Ref. [8]). With
this parameterization it is straightforward to de-
termine the common hadronic scale r0 defined via
r20|(d/dr)V
Σ+g
0 (r)|r=r0 | = 1.65 in Ref. [48]. Fitting
the parameterization in the range 3a ≤ r ≤ 12a
yields r0 = 6.004(41) a, which is in excellent agree-
ment with the original result quoted in Ref. [37]),
r0 = 6.009(53) a.
• VQ¯Q(r) is the potential between a static quark and
a static antiquark. In contrast to V
Σ+g
0 (r) this po-
tential is linear also for separations r >∼ 1 fm, i.e. sep-
arations larger than the string breaking distance.
At smaller r there is a sizable r-dependent mixing of
the two lowest energy eigenstates (see Fig. 2, lower
plot), and VQ¯Q(r) is an r-dependent linear combi-
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Figure 2. (Color online.) Potentials V
Σ+g
0 (r) and V
Σ+g
1 (r) (up-
per plot) and mixing angle θ(r) (lower plot) as functions of
the Q¯Q separation r (lattice spacing a ≈ 1/(2.37GeV)).
nation of the potentials V
Σ+g
0 (r) and V
Σ+g
1 (r) (see
Eq. (19)). Thus one should not expect a simple pa-
rameterization similar to the previously mentioned
const− α/r+ σr. The mixing manifests itself by a
clearly visible bump around r ≈ 3a and needs to be
taken into account, when parameterizing VQ¯Q(r).
• VM¯M,‖(r) is the potential between two static-light
mesons. For larger r the residual strong force be-
tween the two mesons is expected to vanish and the
potential should approach two times the static-light
meson mass. This expectation is in excellent agree-
ment to what we observe for r >∼ 8a. For smaller
r the statistical errors are larger and the potential
might either be constant or slightly repulsive. Note
that V
Σ+g
1 (r) is somewhat larger than VM¯M,‖(r).
Again, this is a consequence of the non-vanishing
mixing angle.
To solve the Schrödinger equation (10), which we do in
the following for J˜PC = 0++ (see Eq. (50)), it is neces-
sary to have continuous parameterizations of the poten-
tials VQ¯Q(r), VM¯M,‖(r) and Vmix(r). We tested several
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Figure 3. (Color online.) Potentials VQ¯Q(r), VM¯M,‖(r) and
Vmix(r) as functions of the Q¯Q separation r (lattice spacing
a ≈ 1/(2.37GeV)). The curves are the parametrizations (58)
to (60).
parameterizations and found the following most suitable:
VQ¯Q(r) = E0 −
α
r
+ σr +
2∑
j=1
cQ¯Q,jr exp
(
− r
2
2λ2
Q¯Q,j
)
(58)
VM¯M,‖(r) = 0 (59)
Vmix(r) =
2∑
j=1
cmix,jr exp
(
− r
2
2λ2mix,j
)
(60)
with 11 parameters, E0, α, σ, cQ¯Q,j , λQ¯Q,j , cmix,j and
λmix,j (where j = 1, 2). These parameters can be de-
termined by χ2 minimizing fits in a stable way and the
corresponding χ2/dof indicate reasonable fits. Results
are collected in Table V. and the fitted parameteriza-
tions are shown in Fig. 3. Moreover, Eq. (22) and our
above assumption V Πg0 (r) = 0 lead to
VM¯M,⊥(r) = 0. (61)
IV. NUMERICAL METHODS TO STUDY
QUARKONIUM RESONANCES
A. S and T matrix poles in the complex energy
plane and their relation to quarkonium resonances
The quantity t1→0,0 appearing in the r → ∞ bound-
ary condition (47) of the radial wave function χ1→0,0(r)
of the coupled channel Schrödinger equation (50) is an
eigenvalue of the T matrix. From t1→0,0 we can read off
the corresponding S matrix eigenvalue,
s1→0,0 = 1 + 2it1→0,0 = e2iδ1→0,0 . (62)
Moreover, both the S matrix and the T matrix are an-
alytical in the complex plane. They are well-defined for
14
potential parameter in units of a in units of GeV χ2/dof
VQ¯Q(r) E0 −0.470(075) a−1 −1.113(178)GeV 3.16
α +0.613(192) +0.613(192)
σ +0.034(004) a−2 +0.193(023)GeV2
cQ¯Q,1 +0.158(071) a
−2 +0.890(396)GeV2
λQ¯Q,1 +2.057(460) a +0.868(194)GeV
−1
cQ¯Q,2 +0.015(062) a
−2 +0.085(348)GeV2
λQ¯Q,2 +4.788(1.345) a +2.020(567)GeV
−1
VM¯M,‖(r) – 1.15
Vmix(r) cmix,1 −0.173(005) a−2 −0.969(028)GeV2 0.83
λmix,1 +2.347(040) a +0.990(017)GeV−1
cmix,2 −0.025(001) a−2 −0.140(007)GeV2
λmix,2 +6.338(108) a +2.674(045)GeV−1
Table V. The parameters of the potential parametrizations (58) to (60) in units of the lattice spacing a ≈ 1/(2.37GeV) as well
as in GeV.
complex energies E. The poles of the S and the T matrix,
i.e. the poles of tL→J˜,J˜z , which are in the second Riemann
sheet of the complex energy plane with a negative imag-
inary part, correspond to quarkonium resonances. For a
pole at complex energy E the resonance energy and the
decay width are
m = Re(E) , Γ = −2Im(E). (63)
For more details see e.g. our recent work [34].
B. Numerical methods to determine t1→0,0 and to
find poles
Since we restrict our numerical calculations in this
work to the sector J˜PC = 0++, i.e. the Schrödinger equa-
tion (50), it is convenient to use the simplified notation
u(r) ≡ u0,0(r) and χ(r) ≡ χ1→0,0(r).
The boundary conditions of the solutions (u(r), χ(r))
of the Schrödinger equation (50) can be read of from Eqs.
(40), (41), (46) and (47) and are
u(r) ∝ r for r → 0 (64)
u(r) = 0 for r →∞ (65)
χ(r) ∝ r2 for r → 0 (66)
χ(r) = it1→0,0krh
(1)
1 (kr) for r →∞. (67)
Note that the boundary condition (67) depends on t1→0,0.
For a given value of the energy E this boundary condi-
tion is only fulfilled for a specific corresponding value of
t1→0,0. In other words the boundary condition (67) fixes
t1→0,0 as a function of E. Thus, our numerical goals in
the following are to compute t1→0,0 for given values of the
energy E and to find the poles of t1→0,0 in the complex
energy plane.
To this end we replace r →∞ in Eqs. (65) and (67) by
r ≥ R, where R is finite, but sufficiently large, such that
the boundary conditions are still valid. We discretize the
interval [0, R] using a uniform 1-dimensional lattice with
N + 1 sites and spacing d = R/N , i.e. r → rn = nd.
Moreover, u(r) → un = u(rn) and χ(r) → χn = χ(rn)
with boundary conditions u0 = 0, χ0 = 0, uN = 0 and
χN = it1→0,0h
(1)
1 (kR)kR =
= χN−1
h
(1)
1 (kR)R
h
(1)
1 (k(R− d))(R− d)
. (68)
The second derivative is discretized according to
∂2r → (∆2r)n,n′ =
δn+1,n′ − δn,n′ + δn−1,n′
d2
. (69)
The coupled channel Schrödinger equation (50) is then a
system of 2(N − 1) linear equations,
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N∑
n′=0
(
− 1
2
(
1/µQ 0
0 1/µM
)
(∆2r)n,n′ +
(
1
2r2n
(
0 0
0 2/µM
)
+ V0(rn) + 2mM − E
)
δn,n′
)(
un′
χn′
)
=
= −
(
Vmix(rn)
VM¯M,‖(rn)
)
krnj1(krn) , n = 1, . . . , N − 1, (70)
for the 2(N − 1) unknowns u1, . . . , uN−1 and χ1, . . . , χN−1 representing the radial wave functions. Inserting the
boundary conditions leads to
N−1∑
n′=1
(
− 1
2
(
1/µQ 0
0 1/µM
)
(∆2r)n,n′ +
(
1
2r2n
(
0 0
0 2/µM
)
+ V0(rn) + 2mM − E
)
δn,n′
− 1
2µMd2
h
(1)
1 (kR)R
h
(1)
1 (k(R− d))(R− d)
(
0 0
0 1
)
δn,N−1δn,n′
)(
un′
χn′
)
=
= −
(
Vmix(rn)
VM¯M,‖(rn)
)
krnj1(krn) , n = 1, . . . , N − 1, (71)
which is of the form M(E)x = b. x is a vector
with 2(N − 1) components, which are u1, . . . , uN−1 and
χ1, . . . , χN−1. M(E) is a square matrix with 2(N − 1)×
2(N − 1) entries and b is a vector with 2(N − 1) compo-
nents, which can be read off from the left hand side and
the right hand side of Eq. (71), respectively.
To determine t1→0,0 for a given value of the energy E
is now straightforward. We solve the linear system (71)
and insert χN−1 in Eq. (68).
In case we are just interested to find the positions of
poles of t1→0,0 in the complex energy plane, we use a more
efficient method. From x = M−1(E)b, where all compo-
nents of b are finite, it is obvious thatM−1(E) must have
at least one infinite eigenvalue, if |t1→0,0| → ∞ or equiva-
lently |χN−1| → ∞. Thus, M(E) must have at least one
zero mode, which implies det(M(E)) = 0. Thus, we de-
termine poles of t1→0,0 by finding the roots of det(M(E)).
To this end we apply the Newton-Raphson method for
analytic functions of a single complex variable. Note that
det(M(E)) is typically a large number beyond machine
double precision. Thus, we rescaleM(E) by an appropri-
ate factor, after a LU decomposition, but before multi-
plying the diagonal elements to obtain the determinant.
The roots of the determinant are, of course independent,
of such a rescaling, i.e. the final results for the positions
of the poles of t1→0,0 in the complex energy plane are
unaffected.
Instead of rewriting the coupled channel Schrödinger
equation (50) as a large system of linear equations (71),
one can also solve it and determine t1→0,0 using Runge-
Kutta methods. We cross checked and verified our nu-
merical results by implementing a 4th order Runge-Kutta
solver.
V. NUMERICAL RESULTS FOR
BOTTOMONIUM
A. Choice of parameters and error analysis
In the following we focus on b quarks and bottomo-
nium, where the heavy quark approximations discussed
in section IIA should be justified. For mM , which is
the energy reference of our system, we use the spin-
averaged mass of the B meson and the B∗ meson, i.e.
mM = (mB + 3mB∗)/4 = 5.313GeV [46]. µQ = mQ/2
in the kinetic term of the coupled channel Schrödinger
equation is the reduced mass of the b quark. In the
quark model perspective the B meson is composed of
a b quark/antiquark and a light antiquark/quark u or d.
Thus the B meson mass is heavier than the heavy quark
mass, where the difference is of the order of the light
constituent quark mass ml, i.e. mM = mQ + ml. Since
results are only weakly dependent on mQ (see e.g. previ-
ous work following a similar approach [8, 15]), we use for
simplicity mQ = 4.977GeV from quark models [49].
For the upper boundary of the r axis we use R =
15.0/GeV ≈ 2.96 fm ≈ 35.6 a, where VQ¯Q(r) is quite
large and both VM¯M,‖(r) and Vmix(r) are essentially van-
ishing (see e.g. Figure 3). For the 1-dimensional lattice
discretizing the interval [0, R] we use N = 600 sites cor-
responding to the spacing d = R/N = 0.025/GeV ≈
0.005 fm. We verified the independence of our results
from these parameters for R ≥ 15.0/GeV and N ≥ 600
by performing identical computations with several differ-
ent R and N .
We propagate the uncertainties provided in Ref. [37],
TABLE I by resampling. We generate 1000 statistically
independent samples and repeat all computations on each
of the samples. This is a computer time consuming task,
for which we employ GPUs utilizing the algebra pack-
age of CUDA [50] and the cuSOLVER library [51]. For
t1→0,0, the corresponding phase shift δ1→0,0, energy lev-
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els and positions of poles of t1→0,0 in the complex energy
plane we quote asymmetric errors, which are defined via
the 16th and 84th percentile of the 1000 samples, respec-
tively.
B. The bottomonium spectrum from single channel
Schrödinger equations
In this subsection we are interested in a qualitative un-
derstanding, how results from single channel Schrödinger
equations compare to experimental results. Thus we just
use the mean values of the parameters of the potentials
VQ¯Q(r), VM¯M,‖(r) and Vmix(r) (Eqs. (58) to (60)), but
ignore their uncertainties. It will also be interesting to
compare these single channel results to more realistic re-
sults from the coupled channel Schrödinger equation (50),
which will be discussed in sections VC and VD.
In a first step we compute the quarkonium spectrum,
setting Vmix(r) = 0, i.e. decoupling the quarkonium chan-
nel from the meson-meson channel. The corresponding
Schrödinger equation is then the upper component of Eq.
(50),(
− 1
2µQ
∂2r + VQ¯Q(r) + 2mM − E
)
u0,0(r) = 0. (72)
There is an infinite number of bound states, because
the potential VQ¯Q(r) is confining. The energies of the
lightest states are listed in Table VI. Three states are be-
low the B(∗)B¯(∗) threshold at 2mM , which is marked by
a horizontal line, all other states are above. In particular
the mass of the lowest state (n = 1) is significantly larger
than the corresponding masses from experiment (com-
pare columns “from VQ¯Q(r)” and “from experiment” of
Table VI; for a full summary of the experimental results
on bottomonium see Table VII). This sizable discrepancy
is expected, because the mixing angle is non-zero, where
the wave function is large, i.e. 0.3<∼ θ(r)<∼ 0.5 for separa-
tions r <∼ 1.1 fm (see Fig. 2). Consequently, the potential
VQ¯Q(r) is a mixture of the ground state potential and the
first exited potential, which leads to unphysically large
bottomonium masses.
More realistic estimates for these masses are obtained,
when replacing VQ¯Q(r) in Eq. (72) by the ground state
potential V
Σ+g
0 (r), i.e. by solving the Schrödinger equa-
tion (
− 1
2µQ
∂2r + V
Σ+g
0 (r) + 2mM − E
)
u(r) = 0. (73)
This is a standard approach appearing frequently in the
literature (for recent work see e.g. [8]). The resulting
bottomonium masses are now smaller and compare much
better to experimental results (see Table VI).
From Table VII one can also read off that the decay
widths of bottomonium states are indeed quite small be-
low the BB¯ threshold, except for ηb(1S), which diagram-
matically couples to two gluons, whereas the Υ states
from VQ¯Q(r) from V
Σ+g
0 (r) from experiment
n E [GeV] E [GeV] name m [GeV]
1 9.643 9.406 ηb(1S) 9.399
Υb(1S) 9.460
2 10.091 9.951 Υb(2S) 10.023
3 10.406 10.296 Υb(3S) 10.355
4 10.671 10.568 Υb(4S) 10.579
5 10.912
6 11.133
7 11.342
8 11.539
. . . . . .
Table VI. Masses for J˜PC = 0++ bottomonium from single
channel Schrödinger equations with potentials VQ¯Q(r) and
V
Σ+g
0 (r), i.e. Eqs. (72) and (73), and corresponding experi-
mental results. Relevant B(∗)B¯(∗) thresholds are marked by
horizontal lines.
name IG(JPC) m [GeV] Γ [MeV] J˜PC
ηb(1S) 0
+(0+−) 9.3990(23) 10(5) 0++
Υb(1S) 0
−(1−−) 9.4603(3) 54.0(1.3)× 10−3 0++
χb0(1P ) 0
+(0++) 9.8594(7) – 1−−
χb1(1P ) 0
+(1++) 9.8928(6) – 1−−
hb(1P ) ?
?(1+−) 9.8993(8) – 1−−
χb2(1P ) 0
+(2++) 9.9122(6) – 1−−
Υ(2S) 0−(1−−) 10.0233(3) 32.0(2.6)× 10−3 0++
Υ(1D) 0−(2−−) 10.1637(14) – 2++
χb0(2P ) 0
+(0++) 10.2325(9) – 1−−
χb1(2P ) 0
+(1++) 10.2555(8) – 1−−
χb2(2P ) 0
+(1++) 10.2687(7) – 1−−
Υ(3S) 0−(1−−) 10.3552(5) 20.3(1.9)× 10−3 0++
χb1(3P ) 0
+(1++) 10.5121(23) – 1−−
Υ(4S) 0−(1−−) 10.5794(12) 20.5(2.5) 0++
Υ(10860) 0−(1−−) 10.8899(32) 51(7) 0++
Υ(11020) 0−(1−−) 10.9929(10) 49(15) 0++
Table VII. Bottomonium states with isopspin I = 0 accord-
ing to the Review of Particle Physics [46]. We also list the
quantum numbers J˜PC conserved in the limit of infinite b
quark mass (J˜ = 0, 1, 2 corresponds to S, P,D in the meson
name; the quantum numbers JPC = 1−− of Υ(10860) and
Υ(11020) are consistent with J˜PC = 0++, which is the sector
we focus on in this work). B(∗)B¯(∗) thresholds are marked by
horizontal lines.
couple to three gluons [52–54]. Thus, our approach to
neglect the OZI suppressed decays of excited bottomo-
nium states to lighter bottomonium and a light I = 0
meson should be a good approximation.
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C. t1→0,0 and the phase shift δ1→0,0 for real energies
We proceed by computing the scattering amplitude
t1→0,0 and the phase shift δ1→0,0 for real energies E above
the B(∗)B¯(∗) threshold at 10.627GeV. In contrast to the
previous subsection, we now include the meson-meson
channel, i.e. we consider the coupled channel Schrödinger
equation (50). The available experimental data for bot-
tomonium goes up to ≈ 11GeV (see Table VII). Two
resonances consistent with J˜PC = 0++ were already ob-
served, Υ(10860) and Υ(11020). We perform our com-
putations up to 11.6GeV.
In Fig. 4 we show the real and the imaginary part
of t1→0,0 as functions of the energy E. If there would
be “simple resonances”, Im(t1→0,0) would exhibit clear
peaks, top to bottom, since according to Eq. (38) it is
identical to |t1→0,0|2, i.e. proportional to the absolute
square of the partial wave scattering amplitude. In such
a case we could determine the decay widths from the
peaks at half height. However, the system we investigate
is more complicated, e.g. the resonances seem to mutually
impact each other and there is a large background.
10.8 11.0 11.2 11.4 11.6
-0.5
0.0
0.5
1.0
E [GeV]
Re(t1→0,0)
Im(t1→0,0)
Figure 4. (Color online.) Re(t1→0,0) and Im(t1→0,0) as func-
tions of the energy E. The real parts of the positions of the
poles of t1→0,0 are indicated by red dashed lines.
Notice Eq. (38) is equivalent to(
Re(t1→0,0)
)2
+
(
Im(t1→0,0)− 1/2
)2
=
(
1/2
)2
,
(74)
the equation of circle in the complex plane centered at
i/2 with radius 1/2. In Fig. 5 we show the corresponding
Argand diagram. We get the expected circle, which is
a good test that we are complying with the probability
conservation expressed in the optical theorem as well as
of the numerical precision of our results.
In Fig. 6 we show the phase shift δ1→0,0, which can
be obtained from t1→0,0 via Eq. (37), as function of the
energy. In this plot the resonances can be identified more
clearly, since each of them corresponds to a “jump” of the
order of pi. The steepness of each jump is inversely pro-
portional to the the corresponding decay widths. There
are three clear resonances close to 11.1GeV, 11.3GeV and
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
0.0
0.2
0.4
0.6
0.8
1.0
Re(t1→0,0)
Im
(t
1
→
0
,0
)
Figure 5. (Color online.) t1→0,0 in the complex plane for
energies in the range 10.62GeV ≤ E ≤ 11.6GeV, where the
energy step is 1MeV.
11.5GeV. Moreover, there seems to be another wider and
less clear resonance around 10.85GeV.
10.8 11.0 11.2 11.4 11.6
0
π
2π
3π
4π
5π
E [GeV]
δ 1
→
0
,0
Figure 6. (Color online.) Phase shift δ1→0,0 as a function of
the energy E. The real parts of the positions of the poles of
t1→0,0 are indicated by red dashed lines.
D. Poles of t1→0,0 in the plane of complex energies
To determine resonance energies and decay widths pre-
cisely, we consider the analytic continuation of our scat-
tering problem to the complex energy plane. There we
search for the poles of t1→0,0 using the Newton-Raphson
method as discussed in section VA. The positions of
the poles E are related to the resonance masses and de-
cay widths according to Eq. (63), i.e. m = Re(E) and
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Γ = −2Im(E).
In Fig. 7 we show the positions of the poles of t1→0,0
in the complex energy plane for all bound states and res-
onances below 11.6GeV. For each bound state and each
resonance there is a differently colored point cloud repre-
senting the 1000 resampled sets of parameters of the po-
tentials, which we use to determine statistical errors (see
section VA for details). For the bound states the poles
are located on the real axis below the B(∗)B¯(∗) thresh-
old. For the resonances the positions of the poles fol-
low curved bands, where the imaginary parts range from
almost vanishing values to finite values comparable to
those observed in experiments (see Table VII), i.e. of the
order of tens of MeV. There are clear gaps between the
point clouds representing different bottomonium bound
states and resonances, which allows a straightforward er-
ror analysis. The corresponding mean values and errors
are indicated by the black circles and crosses. These re-
sults are also summarized in Table VIII, where we show
in addition corresponding results from the single channel
Schrödinger equation (73) with the ground state poten-
tial V
Σ+g
0 (r) as well as experimental results.
We first remark that the positions of the poles of the
four bound states (i.e. n = 1, 2, 3, 4) are similar to the en-
ergies obtained from the single channel Schrödinger equa-
tion. This is hardly surprising, because the inclusion of a
meson-meson channel is expected to have a sizable effect
in particular for energies above the B(∗)B¯(∗) threshold.
The positions of the poles of the four bound states are
also reasonably close to the experimental results for the
masses of ηb(1S), Υb(1S), Υ(2S), Υ(3S) and Υ(4S).
We also find several resonances (i.e. n ≥ 5), where the
majority has not yet been observed experimentally. Our
resonance mass for n = 6 is quite similar to the exper-
imental result for Υ(10860), which might indicate that
Υ(10860) should be interpreted as Υ(5S) (see also the re-
cent paper [55], which supports this interpretation). For
Υ(11020), on the other hand, there is no perfect match
among our theoretical results. The closest resonance we
find (n = 7) is almost 100MeV heavier. An explanation
could be that Υ(11020) is not a state with J˜PC = 0++,
but with higher J˜ . It will be interesting to explore this
further in the future, by deriving and solving coupled
channel Schrödiger equations also for J˜ ≥ 1.
Note that we also predict a resonance (n = 5) below
the resonance masses of the two experimental J˜PC = 0++
candidates Υ(10860) and Υ(11020), not far away from
the B(∗)B¯(∗) threshold. This resonance and the reso-
nance with n = 6, which is a candidate for Υ(10860),
with masses close to 10.8GeV and 10.9GeV, respectively,
are illustrated in Fig. 8, which is a 3D plot of the abso-
lute value and the phase of t1→0,0 in the complex energy
plane. As expected, the phase performs a full 2pi revolu-
tion around each of the corresponding poles. Note that
a clear identification and separation of those two reso-
nances is only possible from a pole analysis in the com-
plex energy plane, but not from Re(t1→0,0), Im(t1→0,0)
and δ1→0,0 at real energies (see Fig. 4 and Fig. 6). For
example, as discussed at the end of section VC, Fig. 6
suggests that there might be a wide resonance around
10.85GeV, but it is impossible to see from that figure
that there are actually two resonances in that energy re-
gion.
A closer inspection reveals that the lower of the two
resonances (n = 5) has a fully dynamical origin. This
can be seen from Fig. 9, where we study both Im(t1→0,0)
and δ1→0,0 for mixing potentials cVmix(r) with c ∈
{1/√10, 1/√2, 1}. In particular in the left plot, where
we show Im(t1→0,0) as a function of real energy E, one
can see that the peak at around 10.9GeV becomes more
pronounced for decreasing c. At the same time the very
wide peak below 10.8GeV also transforms into a sharp
and clear peak and moves to significantly smaller energies
slightly above the B(∗)B¯(∗) threshold. At small mixing,
c = 1/
√
10, however, there are only three bound states,
not four as for c = 1. In other words, when decreasing
the mixing potential, the bound state with n = 4 be-
comes a clear resonance close to the threshold, while the
wide resonance with n = 5 disappears.
In what concerns the imaginary parts of the positions
of the poles, we obtain below the B(∗)B¯(∗) threshold ex-
actly zero as expected. Above the B(∗)B¯(∗) threshold
only the lightest resonances (n = 5 and n = 6) have de-
cay widths similar to the experimental J˜PC = 0++ can-
didates Υ(10860) and Υ(11020). All higher resonances
(n ≥ 7) have significantly smaller widths. The reason
for this is probably that we consider only the coupling
of quarkonium to the lightest meson-meson channel. To
obtain larger widths, we would need to include all ex-
cited meson-meson channels up to the respective reso-
nance masses. Clearly, this goes beyond the scope of the
present work.
We stress that the errors on our theoretical results
quoted in Table VIII and shown in the figures are purely
statistical. These results, however, were obtained by re-
sorting to certain approximations. First of all, the cou-
pled channel Schrödinger equation (10) was derived in
the static limit (see the discussion in section IIA), while
b quarks have a large, but finite mass. Similarly, we use
lattice QCD potentials V
Σ+g
0 (r) and V
Σ+g
1 (r) and a mix-
ing angle θ(r), which were computed in the static limit
and at unphysically heavy u and d quark mass corre-
sponding to mpi ≈ 654MeV and a single lattice spacing
a ≈ 1/(2.37GeV) ≈ 0.083 fm. Moreover, we assumed
V
Πg
0 (r) = 0. As already mentioned, our coupled chan-
nel Schrödinger equation contains only the lightest de-
cay channel to two negative parity heavy-light mesons,
while the next ones containing a negative and a positive
parity meson are around 400MeV . . . 500MeV above (see
Eqs. (6) and (7)). Thus we expect that the neglect of
this channel has little effect on our results up to the cor-
responding threshold around 11.025GeV . . . 11.125GeV,
i.e. for n ≤ 6, while higher resonances with n ≥ 7
might be strongly affected. Finally we separated the
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Figure 7. (Color online.) Positions of the poles of t1→0,0 in the complex energy plane for all bound states and resonances
below 11.6GeV. Colored point clouds represent the 1000 resampled sets of parameters of the potentials, while black points and
crosses represent the corresponding mean values and error bars. The vertical dashed line marks the spin-averaged B(∗)B¯(∗)
threshold at 10.627GeV.
from V
Σ+g
0 (r) from poles of t1→0,0 from experiment
n E [GeV] m = Re(E) [GeV] Im(E) [MeV] Γ [MeV] name m [GeV] Γ [MeV]
1 9.406+16−177 9.478
+3
−13 0 – ηb(1S) 9.399(2) 10(5)
Υb(1S) 9.460(0) ≈ 0
2 9.951+8−58 9.970
+0
−8 0 – Υb(2S) 10.023(0) ≈ 0
3 10.296+6−37 10.304
+0
−6 0 – Υb(3S) 10.355(1) ≈ 0
4 10.568+4−23 10.578
+0
−5 0 – Υb(4S) 10.579(1) 21(3)
5 10.790+2−1 −42.9+5.3−0.0 85.9+10.6−0.0
6 10.870+1−4 −29.0+0.0−4.8 58.0+9.7−0.0 Υ(10860) 10.890(3) 51(7)
7 11.084+0−4 −1.3+0.0−0.2 2.5+0.0−0.4 Υ(11020) 10.993(1) 49(15)
8 11.292+0−6 −0.3+0.0−0.0 0.5+0.1−0.0
9 11.491+0−8 −1.1+0.0−0.0 2.3+0.1−0.0
Table VIII. Masses and decay widths for J˜PC = 0++ bottomonium from the coupled channel Schrödinger equation (50)
(column “from poles of t1→0,0”). For comparison we also list corresponding single channel results (column “from V
Σ+g
0 (r)”) and
experimental results (column “from experiment”). Relevant B(∗)B¯(∗) thresholds are marked by horizontal lines. Errors on our
theoretical results are purely statistical.
treatment of heavy and light degrees of freedom us-
ing the Born-Oppenheimer approximation. For the ob-
tained masses we crudely estimate systematic errors to
be around 50MeV, which is the maximum discrepancy of
experimental results and our theoretical predictions for
the three bound states Υ(1S), Υ(2S) and Υ(3S).
VI. CONCLUSIONS
We proposed and derived a formalism to study quarko-
nium bound states and resonances with I = 0 based on
static potentials from QCD, which can be computed with
lattice QCD. We applied the Born-Oppenheimer approx-
imation by inserting these potentials in a specifically de-
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Figure 8. (Color online.) Visualization of the poles of t1→0,0
corresponding to the two lowest resonances (n = 5 and n = 6)
in the complex energy plane.
rived coupled channel Schrödinger equation for the dy-
namics of heavy quarks. This equation, which contains
a quarkonium and a heavy-light meson meson channel,
allows to predict masses of bound states and resonances
as well as decay widths. For the resonances we apply
scattering theory, which enables to compute phase shifts
and eigenvalues of the T matrix in the complex energy
plane.
Within our framework we studied bottomonium states
with I = 0 up to 11.6GeV focusing on the J˜PC = 0++
channel, which corresponds to L = 0 for the b¯b pair in the
quarkonium channel and L = 1 for the B¯(∗)B(∗) pair in
the meson-meson channel. Even though we resort to sev-
eral approximations (see the discussion at the end of sec-
tion VD), we find reasonable agreement with the exper-
imentally observed bottomonium spectrum. There are
four bound states, which can clearly be identified with
ηb ≡ Υ(1S), Υ(2S), Υ(3S), Υ(4S). We also obtain a
resonance around 10.870GeV, which matches Υ(10860)
rather well, suggesting that Υ(10860) could be inter-
preted as Υ(5S). For Υ(11020), on the other hand, we
do not find a close-by resonance, which might be an indi-
cation that Υ(11020) is not an S wave state. Moreover,
we predict a new, dynamically generated resonance close
the the B¯(∗)B(∗) threshold with mass ≈ 10.790GeV and
decay width ≈ 51MeV.
A straightforward next step will be to study bottomo-
nium with J˜ ≥ 1. The corresponding coupled channel
Schrödiger equations will have at least a 3 × 3 matrix
structure. For instance J˜PC = 1−− corresponds to L = 1
for the b¯b pair in the quarkonium channel and L = 0 or
L = 2 for the B¯(∗)B(∗) pair in the meson-meson channels.
Thus, one can study a possibly existing Xb meson, the
counterpart of the famous Xc(3872) [56].
Another direction for the future could be to include
the decay channels to a negative and a positive parity
heavy-light meson. This would allow to make more re-
alistic predictions for resonances with n ≥ 7 up to the
threshold of two positive parity heavy-light mesons at
around 11.525GeV. The corresponding static potentials,
however, have not yet been computed with lattice QCD.
Moreover, our current determination of the potentials
VQ¯Q(r), VM¯M,‖(r), VM¯M,⊥(r) and Vmix(r) from the lat-
tice QCD results of Ref. [37] requires certain assump-
tions. Thus, we plan to perform a dedicated lattice QCD
computation of all those static potentials, possibly also
with u and d quark mass closer to the physical value.
Finally it would be worthwhile to include the effects
of the heavy spins, either on the level of the coupled
channel Schrödinger equation as in Ref. [29] or even in
a direct way, by computing 1/mQ and 1/m2Q corrections
to the static potentials using effective field theories like
pNRQCD and lattice QCD (see e.g. Refs. [57–64]).
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